Abstract. We study homology and cohomology of triassociative algebras with non-trivial coefficients. The cohomology theory is applied to study algebraic deformations of triassociative algebras.
Introduction
Triassociative algebras, introduced by Loday and Ronco [8] , are analogues of associative algebras in which there are three binary operations, satisfying 11 relations. These algebras are closely related to some very interesting combinatorial objects. In fact, the operad T rias for triassociative algebras are modeled by the standard simplices. This operad is Koszul, in the sense of Ginzburg and Kapranov [6] . Its Koszul dual operad T riDend is modeled by the Stasheff polytopes [11] , or equivalently, planar trees. The algebras for the latter operad are called tridendriform algebras, which have three binary operations whose sum is an associative operation.
The purpose of this paper is to advance the study of triassociative algebras in the following ways: (1) Algebraic foundation: When studying (co)homology, the first task is to figure out the correct coefficients. We introduce homology and cohomology with non-trivial coefficients for triassociative algebras. In fact, Loday and Ronco [8] already defined homology with trivial coefficients for these algebras. We will build upon their construction. (2) Deformation: Once (co)homology is in place, we use it to study algebraic deformations of triassociative algebras, following the pattern established by Gerstenhaber [5] .
We should point out that deformations of dialgebras [7] , the analogues of triassociative algebras with only two binary operations, have been studied by Majumdar and Mukherjee [9] . One difference between triassociative algebras and dialgebras is the coboundary operator in cohomology. Specifically, in both cases, the coboundary involves certain products • ψ j . The definition of this product is more delicate in the triassociative algebra case than in the dialgebra case. This is due to the fact that planar trees, which model triassociative algebra cohomology, are more complicated than planar binary trees, which model dialgebra cohomology. A more fundamental difference is that the sets of planar trees form a simplicial set, whereas the sets of binary trees form only an almost simplicial set [7, 3.10] . This is important, since the author intends to adapt the algebraic works in the present paper to study Topological Triassociative (Co)homology, in analogy with Topological Hochschild (Co)homology (see, e.g., [2, 3, 10] ). Such objects should be defined as the geometric realization of a certain simplicial spectrum (or the T ot of a certain cosimplicial spectrum), modeled after the algebraic (co)simplicial object that defines (co)homology.
In the classical case of an associative algebra R, the coefficients in Hochschild homology and cohomology are the same, namely, the Rrepresentations. In contrast, in the case of triassociative algebras (and also dialgebras), the coefficients in homology and cohomology are not the same. The natural coefficient for triassociative cohomology is a representation, which can be defined using the 11 triassociative algebra axioms. This leads to an expected algebraic deformation theory. To define triassociative homology with coefficients, we will construct the universal enveloping algebra U A, which is a unital associative algebra, of a triassociative algebra A. A left U A-module is exactly an A-representation. We then define an Acorepresentation to be a right U A-module. These right U A-modules are the coefficients in triassociative homology. In the classical Hochschild theory, the universal enveloping algebra is R e = R ⊗ R op .
We remark that all of the results in this paper can be reproduced for tridendriform and tricubical algebras in [8] with minimal modifications.
Organization. The next section is devoted to defining triassociative algebra cohomology with non-trivial coefficients, in which we begin with a brief discussion of representations over a triassociative algebra. The construction of triassociative algebra cohomology requires a discussion of planar trees. We observe that the sets of planar trees form a simplicial set (Proposition 2.3). After that, we define the cochain complex C * Trias (A, M ) for a triassociative algebra A with coefficients in an A-representation M (Theorem 2.5) and give descriptions of the low dimensional cohomology modules H * Trias for * ≤ 2. It is also shown that H n Trias (A, −) is trivial for all n ≥ 2 when A is a free triassociative algebra (Theorem 2.8).
In §3, we construct triassociative algebra homology with non-trivial coefficients by using the universal enveloping algebra U A of a triassociative algebra A. The A-representations are identified with the left U A-modules (Proposition 3.2). We then compute the associated graded algebra of U A under the length filtration (Theorem 3.4). This leads to a triassociative version of the Poincaré-Birkhoff-Witt Theorem (Corollary 3.5). We then use the right U A-modules as the coefficients for triassociative algebra homology, analogous to the dialgebra case [4] . To show that the purported homology complex is actually a chain complex, we relate it to the cotangent complex (Proposition 3.8), which can be used to define both the homology and the cohomology complexes. The cotangent complex is the analogue of the bar complex in Hochschild homology. When the coefficient module is taken to be the ground field (i.e. trivial coefficients), our triassociative homology agrees with the one constructed in Loday-Ronco [8] . That section ends with descriptions of H Trias 0 and H Trias 1 . Section 4 is devoted to studying algebraic deformations of triassociative algebras. We define algebraic deformations and their infinitesimals for a triassociative algebra A. It is observed that an infinitesimal is always a 2-cocycle in C 2 Trias (A, A) whose cohomology class is determined by the equivalence class of the deformation (Theorem 4.3). A triassociative algebra A is called rigid if every deformation of A is equivalent to the trivial deformation. It is observed that the cohomology module H 2 Trias (A, A) can be thought of as the obstruction to the rigidity of A. Namely, we observe that A is rigid, provided that the module H 2 Trias (A, A) is trivial (Corollary 4.6). As examples, free triassociative algebras are rigid (Corollary 4.7). Finally, we identify the obstructions to extending 2-cocycles in C 2 Trias (A, A) to deformations. Given a 2-cocycle, there is a sequence of obstruction classes in C 3
Trias (A, A), which are shown to be 3-cocycles (Lemma 4.10). The simultaneous vanishing of their cohomology classes is equivalent to the existence of a deformation whose infinitesimal is the given 2-cocycle (Theorem 4.11). In particular, these obstructions always vanish if the cohomology module H 3 Trias (A, A) is trivial (Corollary 4.12). We remark that the work of Balavoine [1] gives another approach to studying deformations of triassociative algebras.
Cohomology of triassociative algebras
For the rest of this paper, we work over a fixed ground field K. Tensor products are taken over K. We begin by recalling some relevant definitions about triassociative algebras and planar trees from [8] .
2.1. Triassociative algebras and representations. A triassociative algebra is a vector space A that comes equipped with three binary operations, ⊣ (left), ⊢ (right), and ⊥ (middle), satisfying the following 11 triassociative axioms for all x, y, z ∈ A:
Note that the first 5 axioms state that (A, ⊣, ⊢) is a dialgebra [7] , and they do not involve the middle product ⊥. From now on, A will always denote an arbitrary triassociative algebra, unless stated otherwise.
A morphism of triassociative algebras is a vector space map that respects the three products. For example, if ϕ : A → B is a morphism of triassociative algebras, then B becomes an A-representation via ϕ, namely, x⋆b = ϕ(x)⋆b and b⋆x = b⋆ϕ(x) for x ∈ A, b ∈ B, and ⋆ ∈ {⊣, ⊢, ⊥}. In particular, A is naturally an Arepresentation via the identity map.
In order to construct triassociative algebra cohomology, we also need to use planar trees.
2.2. Planar trees. For integers n ≥ 0, let T n denote the set of planar trees with n + 1 leaves and one root in which each internal vertex has valence at least 2. We will call them trees from now on. The first four sets T n are listed below:
Trees in T n are said to have degree n, denoted by |ψ| = n for ψ ∈ T n . The n + 1 leaves of a tree in T n are labeled {0, 1, . . . , n} from left to right.
A leaf is said to be left oriented (respectively, right oriented) if it is the left most (respectively, right most) leaf of the vertex underneath it. Leaves that are neither left nor right oriented are called middle leaves. For example, in the tree , leaves 0 and 2 are left oriented, while leaf 3 is right oriented. Leaf 1 is a middle leaf.
Given trees ψ 0 , . . . , ψ k , one can form a new tree by the operation of grafting. Namely, the grafting of these k +1 trees is the tree ψ 0 ∨· · ·∨ψ k obtained by arranging ψ 0 , . . . , ψ k from left to right and joining the k + 1 roots to form a new (lowest) internal vertex, which is connected to a new root. The degree
Conversely, every tree ψ can be written uniquely as the grafting of k + 1 trees, ψ 0 ∨ · · · ∨ ψ k , where the valence of the lowest internal vertex of ψ is k + 1.
Before defining cohomology, we make the following observation, which is not used in the rest of the paper but maybe useful in future studies of triassociative cohomology.
For 0 ≤ i ≤ n + 1, define a function
which sends a tree ψ ∈ T n+1 to the tree d i ψ ∈ T n obtained from ψ by deleting the ith leaf. For 0 ≤ i ≤ n, define another function
as follows: For ψ ∈ T n , s i ψ ∈ T n+1 is the tree obtained from ψ by adding a new leaf to the internal vertex connecting to leaf i, and this new leaf is placed immediately to the left of the original leaf i. For example, if ψ = , then s 0 (ψ) = and s 1 (ψ) = s 2 (ψ) = .
Proposition 2.3. The sets {T n } n≥0 form a simplicial set with face maps d i and degeneracy maps s i .
Proof. Recall that the simplicial relations are:
All of them are immediate from the definitions.
2.4.
Cohomology. For integers n ≥ 0, define the module of n-cochains of A with coefficients in M to be
To define the coboundary maps, we need the following operations. For 0 ≤ i ≤ n + 1, define a function
according to the following rules. Let ψ be a tree in T n+1 , which is written uniquely as ψ = ψ 0 ∨ · · · ∨ ψ k in which the valence of the lowest internal vertex of ψ is k + 1. Also, write
is given by
⊢ if the ith leaf of ψ is right oriented, ⊥ if the ith leaf of ψ is a middle leaf.
Finally, • ψ n+1 is given by
For example, for the 11 trees ψ in T 3 (from left to right), we have:
Trias (A, M ) to be the alternating sum,
, and a 1 , . . . , a n+1 ∈ A.
Theorem 2.5. The maps δ n i satisfy the cosimplicial identities, δ n+1 j
Proof. First note that for 1 ≤ i ≤ n, the map δ n i is dual to the map
It is shown there that these d i satisfy the simplicial identities. Therefore, to prove the cosimplicial identities, it suffices to consider the following three cases: (i) i = 0, j = n + 2, (ii) i = 0 < j < n + 2, and (iii) 0 < i < j = n + 2.
Consider case (i). Suppose that ψ ∈ T n+2 , a 1 , . . . , a n+2 ∈ A, and f ∈ C n Trias (A, M ). Let α be the element (ψ;
. Write ψ as ψ 0 ∨ · · · ∨ ψ k uniquely with k + 1 being the valence of the lowest internal vertex of ψ. We have
. . , a n+1 ). Here we used the simplicial identity
On the other hand, we have
we need to consider 7 different cases.
(1) If k = 1 and |ψ 0 | = 0, then
. In this case, it follows from the triassociative algebra axioms (2.1.1a), (2.1.1b), and (2.1.1f) that
regardless of what * , * ′ ∈ {⊣, ⊢, ⊥} are.
(2) If k = 1 and
. It then follows from axioms (2.1.1d), (2.1.1e), and (2.1.1j) that
regardless of what * , * ′ ∈ {⊣, ⊢, ⊥} are. 
Thus, (2.5.1) follows from axiom (2.1.1k).
. Therefore, it follows from axiom (2.1.1g) that (2.5.1) holds.
n+1 . Therefore, (2.5.1) follows from axiom (2.1.1i). Therefore, the cosimplicial identity holds in the case i = 0, j = n + 2.
Next we consider case (ii), where i = 0, j = 1, . . . , n + 1. We have
. . , a n+2 ). Here we used the simplicial identity
In the case j = 1, we need to show the identity
We break it into three cases.
(
0 . Therefore, it follows from axioms (2.1.1d), (2.1.1e), (2.1.1j) that
Therefore, (2.5.2) holds by axiom (2.1.1c) if k = 1 and by axiom (2.
It follows that (2.5.2) holds by axiom (2.1.1g) when k = 2 and by axiom (2.1.1k) when k > 2.
This proves the cosimplicial identities for the δ n l when i = 0 and 1 ≤ j ≤ n + 1. The proof for the case 1 ≤ i ≤ n + 1, j = n + 2 is similar to the argument that was just given.
In view of Theorem 2.5, we define the nth cohomology of A with coefficients in the representation M to be
We describe the first three cohomology modules below. 
The image of δ 0 is the module Inn(A, M ).
(2.6.1)
In particular, the kernel of δ 1 is exactly Der(A, M ). Therefore, as in the cases of associative algebras and dialgebras [4] , we have Proof. The first line in the proof of Theorem 2.5 implies that, for any triassociative algebra A,
H i
The Theorem now follows from the Koszulness of T rias.
Abelian extensions and H 2
Trias . Define an abelian triassociative algebra to be a triassociative algebra P in which all three products, ⊣, ⊢, ⊥, are equal to 0. In this case, we will just say that P is abelian. Any vector space becomes an abelian triassociative algebra when equipped with the trivial products. Suppose that ξ : 0 → P i − → E π − → A → 0 is a short exact sequence of triassociative algebras in which P is abelian. Then P has an induced A-representation structure via a * p = e * i(p) and p * a = i(p) * e for * ∈ {⊣, ⊢, ⊥}, p ∈ P , a ∈ A, and any element e ∈ E such that π(e) = a. Now consider an A-representation M . By an abelian extension of A by M , we mean a short exact sequence
of triassociative algebras in which M is abelian and such that the induced A-representation structure on M coincides with the original one. An abelian extension is said to be trivial if it splits triassociative algebras. Given another abelian extension Suppose that ξ is an abelian extension of A by M as in (2.9.1). By choosing a vector space splitting σ : A → E, one can identify the underlying vector space of E with M ⊕ A. As usual, there exists a map
for * ∈ {⊣, ⊢, ⊥}, m, n ∈ M , and a, b ∈ A. Here ψ ∈ T 2 is given by
Note that this is basically (2.6.1). We will always identify the 3 trees in T 2 with the products {⊣, ⊢, ⊥} like this. It is easy to check that the 11 triassociative algebra axioms (2.1.1) in E are equivalent to f ξ ∈ C 2 Trias (A, M ) being a 2-cocycle. For instance, we have
On the other hand, a similar calculation yields
These two expressions are equal by axiom (2.1.1f). By equating the first factors, we obtain (δ 2 f ξ )( ; x, y, z) = 0.
Similar arguments, using the other 10 triassociative algebra axioms, show that (δ 2 f ξ )(ψ; x, y, z) = 0 for the other 10 trees ψ ∈ T 3 .
Conversely, suppose that g ∈ C 2 Trias (A, M ) is a 2-cocycle. Then one can define a triassociative algebra structure on the vector space M ⊕ A using (2.9.2) with g in place of f ξ . Again, the triassociative algebra axioms are verified because of the cocycle condition on g. This yields an abelian extension of A by M ,
in which i and π are, respectively, the inclusion into the first factor and the projection onto the second factor.
Theorem 2.10. The above constructions induce well-defined maps
that are inverse to each other. In particular, there is a canonical bijection
The proof is basically identical to that of the classical case for associative algebras (see, e.g., [12, p.311-312] or [4, 2.8-2.9]). Therefore, we omit the details. Note that one only needs to see that the maps are well-defined, since they are clearly inverse to each other.
Universal enveloping algebra and triassociative homology
The purpose of this section is to construct triassociative algebra homology with non-trivial coefficients. In [8] Loday and Ronco already constructed triassociative homology with trivial coefficients (i.e. K). Our homology agrees with the one in Loday-Ronco [8] by taking coefficients in K. In order to obtain the non-trivial coefficients, we first need to discuss the universal enveloping algebra. The dialgebra analogue of the results in this section is worked out in [4] .
3.1. Universal enveloping algebra. Fix a triassociative algebra A. We would like to identify the A-representations as the left modules of a certain associative algebra. This requires 6 copies of A, since 3 copies are needed for the left actions and another 3 for the right actions. Therefore, we make the following definition. For a K-vector space V , T (V ) denotes the tensor algebra of V , which is the free unital associative K-algebra generated by V .
Define the universal enveloping algebra of A to be the unital associative K-algebra U A obtained from the tensor algebra T (α l A ⊕ α r A ⊕ α m A ⊕ β l A ⊕ β r A ⊕ β m A) on 6 copies of A by imposing the following 33 relations for a, b ∈ A (3 relations for each of the 11 triassociative axioms (2.1.1)):
Proposition 3.2. Let M be a K-vector space. Then an A-representation structure on M is equivalent to a left U A-module structure on M .
Proof. The correspondence is given by (a ∈ A, x ∈ M ):
So α * and β * correspond to left and right A-actions, respectively, and the subscript indicates where the product points to. In particular, the conditions (1) -(9) above correspond to axioms (2.1.1a), (2.1.1b), and (2.1.1f).
Conditions (10) - (18) correspond to axioms (2.1.1d), (2.1.1e), and (2.1.1j). The other 5 groups of conditions correspond to the remaining 5 axioms in (2.1.1).
3.3. Filtration on U A. Each homogeneous element in U A has a length: Elements in K has length 0. The elements γ * (a), where γ = α, β, * = l, r, m, and a ∈ A, have length 1. Inductively, the homogeneous elements in U A of length at most k + 1 (k ≥ 1) are the K-linear combinations of the elements γ * (a) · x and x · γ * (a), where x has length at most k.
For k ≥ 0, consider the following submodule of U A:
These submodules form an increasing and exhaustive filtration of U A, so that
Therefore, it makes sense to consider the associated graded algebra
The following result identifies the other associated quotients.
Theorem 3.4. In the associated graded algebra Gr * U A, one always has Gr n U A = 0 for all n ≥ 3. Moreover, there are isomorphisms
In particular, if A is of finite dimension d over K, then Gr * U A has dimension 1 + 6d + 7d 2 over K.
Proof. The first isomorphism is clear, since Gr 0 U A = F 0 U A = K and the elements of length 1 are linearly generated by the α * (a) and β * (a). For the second isomorphism, observe that any other generator of length ≤ 2 is identified with an element of length 1 by one of the 33 conditions, leaving only the 7 displayed generators. For example, β l (b) · β l (a) ∈ β l β l A ⊗2 is identified with β l (a ⊣ b) ∈ β l A by condition (1) in the definition of the universal enveloping algebra U A.
Finally, to show that Gr n U A = 0 for n ≥ 3, it suffices to show that F 2 U A = F 3 U A. It is straightforward to check that multiplying any one of the 7 generators of length 2 with a generator of length 1 always yields an element of length ≤ 2. For example,
which lies in α l β l A ⊗2 , by condition (7) in the definition of U A.
An immediate consequence of this result is:
Corollary 3.5 (Poincaré-Birkhoff-Witt). Let V denote the underlying vector space of a triassociative algebra A. Equip V with the abelian triassociative algebra structure (a * b = 0 always). Then there exists an isomorphism Gr * U A ∼ = U V of unital associative algebras.
3.6. Corepresentation. By a corepresentation of A, or an Acorepresentation, we mean a right U A-module. This definition can be made more explicit as follows. Let N be an A-corepresentation.
for x ∈ N and a ∈ A. This gives rise to three left actions <, >, ∧ : A⊗N → N and three right actions <, >, ∧ : N ⊗ A → N . With these notations, the condition that N is an A-corepresentation is equivalent to the following 33 axioms (for x ∈ N and a, b ∈ A), corresponding to the axioms for U A in §3.1:
Here are some examples of corepresentations:
(1) U A is an A-corepresentation via the right action of U A on itself. (2) K is an A-corepresentation, where the α * (a) and β * (a) in U A act trivially. (3) Let M be an A-representation (= left U A-module). It is straightforward to check that the definitions,
for x ∈ M and a ∈ A, give the underlying vector space of M a right U A-module structure, denoted by M op . We call it the opposite corepresentation of M . In particular, considering A as an A-representation, we have the opposite corepresentation A op of A.
Now suppose that N is an A-corepresentation. Define the module of nchains of A with coefficients in N to be
Define a map
where N and a = (a 1 , . . . , a n ) ∈ A ⊗n . Here d i ψ is as in cohomology. The maps d ψ i are defined as follows. Write ψ uniquely as the grafting ψ 0 ∨ · · · ∨ ψ k as before, where the valence of the lowest internal vertex in ψ is k + 1. Then set
. . , a n ) if |ψ 0 | = 0 and k = 1 (x · α m (a 1 )) ⊗ (a 2 , . . . , a n ) if |ψ 0 | = 0 and k > 1 (x · α r (a 1 )) ⊗ (a 2 , . . . , a n ) if |ψ 0 | > 0.
where • ψ i is as in cohomology. In particular, our d i coincides with the d i in Loday-Ronco [8] when N = K. Finally, set (a 1 , . . . , a n−1 ) if k > 1 and |ψ k | = 0 (x · β r (a n )) ⊗ (a 1 , . . . , a n−1 ) if k = 1 and |ψ 1 | = 0.
In order to show that (C Trias * (A, N ), d) is a chain complex, we make use of the cotangent complex. There is an isomorphism
It is clear that, under this isomorphism, the map δ n i :
is a cochain complex, we obtain: 
So the image of the differential d :
is the submodule N · (α l − β r ) of N , and, therefore, we have
.
In particular: 
(A, N ) = N ⊗ A is the span of the following three types of elements (x ∈ N , a, b ∈ A):
In particular, when N = K, we have
the abelianization of A.
Deformations of triassociative algebras
In this final section, we describe algebraic deformations of a triassociative algebra A = (A, ⊣, ⊢, ⊥), using the cohomology theory constructed in §2. The theory of triassociative algebra deformations is what one would expect from the existing literature on deformations. The arguments in this section are rather straightforward and are very similar to the cases of associative algebras [5] and dialgebras [9] , whose arguments are provided in details and can be easily adapted to the present case. Also, Balavoine [1] has another way of doing algebraic deformations that can be applied to triassociative algebras. Therefore, we will safely omit most of the proofs in this section.
Thinking of A also as an A-representation via the identity self-map, we consider the cochain complex C * Trias (A, A). A 2-cochain θ ∈ C 2 Trias (A, A) will be identified with the triple (λ, ρ, µ), where each component is a binary operation on A, via
4.1. Deformation and equivalence. By a deformation of A, we mean a power series Θ t = ∞ i=0 θ i t i , in which each θ i = (λ i , ρ i , µ i ) is a 2-cochain in C 2 Trias (A, A) and θ 0 = (⊣, ⊢, ⊥), satisfying the following 11 conditions (same as (2.1.1)) for all x, y, z ∈ A, where L t = ∞ i=0 λ i t i , R t = ∞ i=0 ρ i t i , and
Extending linearly, this gives a triassociative algebra structure on the power series A [[t] ]. We will also denote a deformation Θ t by the triple (L t , R t , M t ) of power series.
A formal isomorphism of A is a power series Φ t = ∞ i=0 φ i t i , in which each φ i ∈ C 1 Trias (A, A) ∼ = Hom K (A, A) and φ 0 = Id A . Let Θ t = (L t , R t , M t ) be another deformation of A. Then Θ t and Θ t are said to be equivalent if there exists a formal isomorphism Φ t such that O t (x, y) = Φ t O t (Φ −1 t (x), Φ −1 t (y)) for O = L, R, M and for all x, y, z ∈ A. In this case, we write Θ t = Φ t Θ t Φ −1 t . Conversely, given a deformation Θ t and a formal isomorphism Φ t , one can define a new deformation as Θ t := Φ t Θ t Φ Trias (A, A), whose cohomology class is welldefined by the equivalence class of Θ t . Moreover, if θ i = 0 for 1 ≤ i ≤ l, then θ l+1 is a 2-cocycle in C 2
Trias (A, A).
This Theorem allows one to think of an infinitesimal as a cohomology class, instead of just a cochain.
4.4. Rigidity. By the trivial deformation of A, we mean the deformation Θ t = (⊣, ⊢, ⊥)t 0 . We say that A is rigid if every deformation of A is equivalent to the trivial deformation. The following result will lead to a cohomological criterion for rigidity.
Proposition 4.5. Let Θ t = θ 0 + θ l t l + θ l+1 t l+1 + · · · , with θ i = (λ i , ρ i , µ i ), be a deformation of A for some l ≥ 1 in which θ l is a 2-coboundary in C 2
Trias (A, A). Then there exists a formal isomorphism of the form Φ t = Id A +φt l such that the deformation defined by Θ t = ∞ i=0 θ i t i := Φ t Θ t Φ −1 t satisfies θ i = 0 for 1 ≤ i ≤ l.
Combining Theorem 4.3 and Proposition 4.5, we obtain the following cohomological criterion for rigidity. Using Theorem 2.8 and Corollary 4.6, we obtain a large class of rigid objects.
Corollary 4.7. Free triassociative algebras are rigid.
Next we want to obtain a cohomological criterion for the existence of a deformation with a prescribed 2-cocycle as its infinitesimal.
4.8. Deformations of finite order. Suppose that N ∈ {1, 2, . . .}. By a deformation of order N of A, we mean a polynomial Θ t = N i=0 θ i t i , with each θ i = (λ i , ρ i , µ i ) ∈ C 2 Trias (A, A) and θ 0 = (⊣, ⊢, ⊥), satisfying the 11 conditions for a deformation modulo t N +1 .
If θ 1 ∈ C 2 Trias (A, A) is a 2-cocycle, then θ 0 + θ 1 t is a deformation of order 1. Thus, given a 2-cocycle θ 1 , in order to determine the existence of a deformation with θ 1 as its infinitesimal, it suffices to determine the obstruction to extending a deformation of order N to one of order N + 1 for N ≥ 1.
4.9.
Obstructions. Fix a deformation Θ t = N i=0 θ i t i , with θ i = (λ i , ρ i , µ i ), of order N < ∞ as above. Define a 3-cochain Ob Θ ∈ C 3 Trias (A, A)
